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1 Orthonormality

We talked about orthogonal vectors, now we additionally want them to have
norm 1, unit norm, to be orthonormal. We will see the properties of such
vectors and matrices that have orthonormal columns. Having an orthonormal
basis to a subspace comes with a lot of computational benefits and makes
your life easier. We are additionally going to look at these fantastic bases
and how to find them.

1.1 Definitions and Properties

Definition 6.3.1. (Orthonormal Vectors) Vectors q1, . . . , qn ∈ Rm are or-
thonormal if they are orthogonal and have norm 1. In other words, for all
i, j ∈ {1, . . . , n}

q⊤i qj = δij

where δij is the Kronecker delta:

δij =

{
0 if i ̸= j,

1 if i = j.

You should get familiar with the Kronecker delta. This definition applied on
two vectors q1, q2 gives you q⊤1 q2 = q⊤2 q1 = 0 i.e. they are orthogonal, and
q⊤1 q1 = ∥q1∥2 = 1 and q⊤2 q2 = ∥q2∥2 = 1 meaning they both have norm 1.
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You can pack this set of vectors q1, . . . , qn ∈ Rm in a matrix Q where the qi’s
are the columns of Q. Then the condition in the definition is satisfied when
Q⊤Q = I.

A quick example to see QQ⊤ is not necessarily the identity matrix
when Q is not square:

QQ⊤ =



0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 1 0 0
0 0 0 0
1 0 0 0




0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

 =



0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1


̸= I

The columns are orthogonal to each other and they all have norm 1. So
the columns are orthonormal. But the result of QQ⊤ is not the identity
matrix I. However this is the case if the matrix with orthonormal columns
is additionally a square matrix. We then call it an orthogonal matrix:

Definition 6.3.3. (Orthogonal Matrix) A square matrix Q ∈ Rn×n is an
orthogonal matrix when Q⊤Q = I. In this case, QQ⊤ = I, and Q−1 = Q⊤,
and the columns of Q form an orthonormal basis for Rn.

The inverse is the transpose! Be careful, even though the name says orthog-
onal, orthogonal matrices have orthonormal columns, that is, the columns
have norm 1. Otherwise Q⊤Q and QQ⊤ would not be equal to I.

1.2 Examples of Orthonormal Vectors and Orthogonal
Matrices

• (Ex. 6.3.2.) A classic example of an orthonormal set of vectors is the
canonical basis e1, . . . , en ∈ Rn where ei is the ith unit vector. (Has 1
in the ith element otherwise 0’s).

If you have to show that a matrix A is orthogonal, then all you should verify
is that A is square and A⊤A = I. The equality AA⊤ = I is then implied.

2



• (Ex. 6.3.4.) The rotation matrix Rθ which correspond to rotating
the plane counterclockwise by θ is obviously square:

Rθ =

[
cos θ − sin θ
sin θ cos θ

]
is an orthogonal matrix. The intuition is: if we rotate everything coun-
terclockwise by θ and then multiply with R⊤

θ to rotate everything coun-
terclockwise by −θ then we end up where we start. R⊤

θ Rθ = I.

• (Ex. 6.3.5.) Permutation matrices are orthogonal matrices. Permu-
tations are defined as maps and the permutation matrix P associated
with a permutation π has Aij = 1 if π(i) = j. The transpose has
however Aij = 1 if π(j) = i. Hence P⊤P = I. Intuition-wise: if you
permutate once and then permutate things in reverse then you get back
to the order you started.

• Reflection Matrices Take A = I − 2vv⊤. Then Ax corresponds to
reflecting along the hyperplane orthogonal to v where ∥v∥ = 1. See
solution of Assignment 8 Exercise 3 (HS24) for further explanation. A
is orthogonal. A is square since it is I minus another matrix and the I
matrix is square. See by direct computation A⊤A = (I − 2vv⊤)⊤(I −
2vv⊤) = I−4vv⊤+4(vv⊤)(vv⊤) = I−4vv⊤+4v(v⊤v)v⊤ = I−4vv⊤+
4v(∥v∥2)v⊤ = I − 4vv⊤ + 4(∥v∥2)vv⊤ = I. Besides reflection preserves
the norm and all norm preserving matrices are orthogonal. We can also
prove orthogonality of A by proving it is norm preserving.

Reflection, visualized, taken from solution of assignment 8 (HS24)
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1.3 Norm Preserving

A very important property of orthogonal matrices is that they preserve the
norm. Think of an orthogonal matrix Q as a linear transformation. Applying
Q to your space leaves the lengths and angles as they are. The proof is by
direct computation.

Proposition 6.3.6. Orthogonal matrices preserve norm and inner product
of vectors. In other words, if Q ∈ Rn×n is orthogonal, then for all x, y ∈ Rn

∥Qx∥ = ∥x∥ and (Qx)⊤(Qy) = x⊤y

Let’s prove this: For x, y ∈ Rn we have (Qx)⊤(Qy) = x⊤Q⊤Qy
Q⊤Q=I
= x⊤y.

This proves the second equality. The first one actually follows from this.
Since a norm is never negative as it represents the length, we can prove that
Q preserves the norm-squared which would then imply the first equation.

∥Qx∥2 = (Qx)⊤(Qx)
2. equation

= x⊤x = ∥x∥2.

□

This is actually an if and only if situation. We know a norm preserving
matrix must be orthogonal as well. We prove one direction here. The other
one is left for you to prove as an exercise of this week (Assignment 10 Exercise
3). No spoilers! (If you are reading this in January then you can check the
solution.)

Preserving Angles: Thinking of how we calculate the angles -remember
the formula for cos(αab) for the angle α between two vectors a and b - it
should not be surprising that orthogonal matrices also preserve the angles
knowing they preserve inner product and norm. (Not in lecture material,
you cannot take this for granted in the exam.)

2 Projections with Orthonormal Basis

Remember the equations from the previous chapter, for projections and linear
squares? They had a lot of A⊤A’s in them. Now if A is orthogonal all A⊤A’s
disappear since A⊤A = I. Let’s see this as a proposition:
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Proposition 6.3.7. Let S be a subspace of Rm and q1, . . . , qn be an or-
thonormal basis for S. Let Q be the m × n matrix whose columns are the
qi’s: Q =

[
q1 , · · · , qn

]
. Then the Projection Matrix that projects to S

is given by QQ⊤, and the Least Squares solution to Qx = b is given by
x̂ = Q⊤b.

LetQ be square. Then the projection matrixQQ⊤ is the identity matrix since
the columns of Q already form a basis for the whole vector space and if you
project some vector from within the vector space onto the vector space itself,
the vector stays the same. If you unroll your matrix vector multiplication
for the projection Q(Q⊤x) it will look like this

x = q1
(
q⊤1 x

)
+ q2

(
q⊤2 x

)
+ · · ·+ qn

(
q⊤n x

)
.

See that q⊤i x’s are scalars. So this is the linear combination of qi’s that get
you the vector x. You can now represent x using these new scalars in the
basis of qi’s. This is called a change of basis, as we are going to see in the
following weeks.

3 Gram-Schmidt Process

Orthonormal bases and orthogonal matrices are great! But if all we have is
just a lame non-orthonormal basis for our subspace S, we can easily calculate
an orthonormal basis out of the provided basis vectors. Let’s see this in 2
vectors a1 and a2. The algorithm is as follows:

1. Normalize a1 to get q1 =
a1

∥a1∥

2. Project a2 onto q1. Remember the formula projq1(a2) =
q1q⊤1
q⊤1 q1

a2. Since

q1 is normalized and has norm 1 we have q⊤1 q1 = ∥q1∥2 = 12 = 1. This
is why projq1(a2) = q1q

⊤
1 a2 = (a⊤2 q1)q1.

1

3. Subtract the projection of a2 on q1 you calculated in the previous step
from a2 to get q′2 = a2 − (a⊤2 q1)q1.

4. Last but not least, normalize q′2 to get q2 =
q′2

∥q2∥
1See the notes from week 8 page 3 on my website if you didn’t understand why this last

equation holds. It is not exactly the same thing but it helps. Also remember a⊤b = b⊤a.
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Visualization of the Gram-Schmidt Process on two vectors. You can find
the source code under additional material for week 10 on my website.

What is actually happening here? We subtract the projection of a2 onto q1
from a2 because we want to eliminate the part of a2 that is in direction of
q1. The projection does exactly this: It separates a2 into two orthogonal
components, projection p and the error vector e. b = p+ e so we leave what
is not orthogonal to q1 (the projection part p) and take what orthogonal part
is left (the error vector e). This way we capture everything in a2 that is
orthogonal to q1.
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What happens if you have more than two vectors? The principle is exactly
the same but now in step 2 instead of projecting your next ak on q1 you
project the next vector ak on the subspace spanned by all the qi’s with you
have constructed so far. Then you subtract the projection from ak to get
your q′k and lastly you normalize it. Here is the algorithm, taken from the
lecture notes:

Theorem 6.3.9 (Correctness of Gram-Schmidt) Given n linearly indepen-
dent vectors a1, . . . , an the Gram-Schmidt process returns an orthonormal
basis for the span of a1, . . . , an.

The proof is by induction. I would recommend trying to prove this by yourself
first before you read the proof in the lecture notes because this case is a
beautiful example of a proof by induction. If you are reading the proof,
the calculation part is just some vector arithmetic. Get a pen and try to
understand it.

Linearly Dependent Case: The definitions in the lecture notes are done
with sets of linearly independent vectors. If you have a linearly dependent set
of vectors a1, . . . , an, in the step where you subtract the projection from the
vector, you would get 0. Since the vector is linearly dependent to previous
vectors its projection onto the span of the orthogonalized previous vectors
is equal to itself. This means the orthogonalized qk would be the vector 0
for the linearly dependent vector. In the end, if you exclude the potentially
multiple 0’s among your qi, then you still get an orthonormal basis for the
span of a1, . . . , an. Again, this is not in the lecture notes be careful prove
it/argue about it before using it.
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4 QR-Decomposition

We unlock a new matrix factorization, namely A = QR decomposition.

Definition 6.3.10 (QR decomposition). Let A be an m × n matrix with
linearly independent columns. The QR decomposition is given by

A = QR

where Q is an m×n matrix with orthonormal columns (they are the output
of Gram-Schmidt: Algorithm 6.4.8, on the columns of A) and R is an upper
triangular matrix given by R = Q⊤A.

Let a1, . . . , an ∈ Rm be the linearly independent columns of A ∈ Rm×n and
q1, . . . , qn ∈ Rm be the orthogonalized columns of A, using the Gram-Schmidt
Algorithm. Notice that Span(a1, . . . , an) = Span(q1, . . . , qn) because Gram-
Schmidt finds a basis for the span of the vectors ai. Having said that, consider
the projection matrix QQ⊤ on the span of the qi’s. Since all columns of A are
already in the span of the qi’s, applying the projection to A doesn’t change
the matrix. So we have QQ⊤A = A. Let R = Q⊤A. If you get these two
equations together you have QR = QQ⊤A = A.

Lemma 6.3.11. The matrix R defined in Definition 6.3.10 is upper tri-
angular and invertible. Moreover, QQ⊤A = A and hence, A = QR is well
defined.

You should read the proof of this lemma to understand the matrix R. It uses
the fact that the spans of a’s and q’s are the same and the projection QQ⊤

doesn’t change the columns of A. You can write the matrices in Q⊤A with
column and row vectors and multiply them to see your R is actually upper
triangular. Let Q = [q1,q2, . . . ,qm] and A = [a1, a2, . . . , an] where qi’s and
ai’s are vectors. The matrix multiplication Q⊤A is given by:

R = Q⊤A =


q⊤
1 a1 q⊤

1 a2 . . . q⊤
1 an

q⊤
2 a1 q⊤

2 a2 . . . q⊤
2 an

...
...

. . .
...

q⊤
ma1 q⊤

ma2 . . . q⊤
man


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aj is orthogonal to qi for j < i by construction of the orthonormal vectors by
Gram-Schmidt. We have Aij = q⊤i aj. Therefore for j < i we have Aij = 0.
So R is indeed upper triangular. You should read the proof in the lecture
notes to see why R is invertible and well defined.

4.1 Projections and Least Squares with A = QR

From the lecture notes:
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5 The Determinant

In one sentence, the determinant of a matrix is a real number that corre-
sponds to the volume of the unit cube after applying the linear transforma-
tion represented by the matrix. If the matrix flips the unit cube then the
sign is negative. Similar to the script, this section will be less proof based
and I am going to try to provide the intuition behind the properties of the
determinant.

In 2× 2 case, we calculate the determinant as follows:∣∣∣∣a b
c d

∣∣∣∣ := det

[
a b
c d

]
= ad− bc

This becomes obvious when you calculate the area of the image of the unit
square by multiplication with the matrix. You can see the image in the lecture
notes or watch the whole 3Blue1Brown video. We will see the n × n case
next week but before that we will inspect the properties of the determinant
and try to understand the intuition.

5.1 A function that maps matrices to R
We will begin with the axioms from the lecture2. We are looking for a
function such that:

det : {A ∈ Rn×n} 7−→ R
with the following properties:

(i) det(A) = det(A⊤)

(ii) det(I) = 1

(iii) det(A) = 0, if and only if the columns of A are linearly dependent.

(iv) Let a1, . . . , an−1 ∈ Rn and v, w ∈ Rn and scalars λ, µ ∈ R.

det ([a1| . . . |ak−1|λv + µw|ak| . . . |an−1])

= λ det ([a1| . . . |ak−1|v|ak+1| . . . |an−1])+µ det ([a1| . . . |ak−1|w|ak+1| . . . |an−1])
2This section is rather informal and it is here so that you can get the intuition better.

If it confuses you, you can also ignore it. Never take anything for granted in the exam
except the formal lecture material!
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Let’s interpret what these axioms tell us and find a more intuitive way to
represent the determinant. Start with a 3× 3 matrix and pull the elements
apart using the (iv)th axiom from above:

det(A) =

∣∣∣∣∣∣
A11 A12 A13

A21 A22 A23

A31 A32 A33

∣∣∣∣∣∣
=

∣∣∣∣∣∣
A11 + 0 + 0 A12 A13

0 + A21 + 0 A22 A23

0 + 0 + A31 A32 A33

∣∣∣∣∣∣ =
∣∣∣∣∣∣
A11 A12 A13

0 A22 A23

0 A32 A33

∣∣∣∣∣∣+
∣∣∣∣∣∣
0 A12 A13

A21 A22 A23

0 A32 A33

∣∣∣∣∣∣+
∣∣∣∣∣∣
0 A12 A13

0 A22 A23

A31 A32 A33

∣∣∣∣∣∣
= A11

∣∣∣∣∣∣
1 A12 A13

0 A22 A23

0 A32 A33

∣∣∣∣∣∣+ A21

∣∣∣∣∣∣
0 A12 A13

1 A22 A23

0 A32 A33

∣∣∣∣∣∣+ A31

∣∣∣∣∣∣
0 A12 A13

0 A22 A23

1 A32 A33

∣∣∣∣∣∣
This was the first column. Next, we are going to do this for the second
column as well. This will create 3 · 3 = 9 terms. Lastly doing the same
operation for the last column results in 3 · 3 · 3 = 27 terms. These will look
like:

det(A) = A11

(
A12A13

∣∣∣∣∣∣
1 1 1
0 0 0
0 0 0

∣∣∣∣∣∣+ A22A13

∣∣∣∣∣∣
1 0 1
0 1 0
0 0 0

∣∣∣∣∣∣+ A32A13

∣∣∣∣∣∣
1 0 1
0 0 0
0 1 0

∣∣∣∣∣∣
+A12A23

∣∣∣∣∣∣
1 1 0
0 0 1
0 0 0

∣∣∣∣∣∣+ A22A23

∣∣∣∣∣∣
1 0 0
0 1 1
0 0 0

∣∣∣∣∣∣+ A32A23

∣∣∣∣∣∣
1 0 0
0 0 1
0 1 0

∣∣∣∣∣∣
+A12A33

∣∣∣∣∣∣
1 1 0
0 0 0
0 0 1

∣∣∣∣∣∣+ A22A33

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣+ A32A33

∣∣∣∣∣∣
1 0 0
0 0 0
0 1 1

∣∣∣∣∣∣
)

+A21(. . . ) + A31(. . . )

Now we can think of our axioms again. If two columns are linearly depen-
dent then the determinant is 0. Eliminating those terms leave us with the
following:

11



det(A) = A11

(
A32A23

∣∣∣∣∣∣
1 0 0
0 0 1
0 1 0

∣∣∣∣∣∣+ A22A33

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣
)
+ A21(. . . ) + A31(. . . )

Multiplying the scalars back into the matrices gives us:

det(A) =

( ∣∣∣∣∣∣
A11 0 0
0 0 A23

0 A32 0

∣∣∣∣∣∣+
∣∣∣∣∣∣
A11 0 0
0 A22 0
0 0 A33

∣∣∣∣∣∣
)
+ A21(. . . ) + A31(. . . )

Realize that all we are left with is the permutations that have only one ele-
ment per row and one element per column. We have one element per column
because we pulled our matrix apart using the (iv)-th axiom above. We have
one element per row because otherwise the corresponding determinant is 0
because two columns of the corresponding matrix are linearly dependent. We
can do this for the remaining terms and get the following

det(A) =

∣∣∣∣∣∣
A11

A22

A33

∣∣∣∣∣∣+
∣∣∣∣∣∣
A11

A23

A32

∣∣∣∣∣∣+
∣∣∣∣∣∣

A12

A21

A33

∣∣∣∣∣∣
+

∣∣∣∣∣∣
A12

A23

A31

∣∣∣∣∣∣+
∣∣∣∣∣∣

A13

A21

A32

∣∣∣∣∣∣+
∣∣∣∣∣∣

A13

A22

A31

∣∣∣∣∣∣
This means: when we begin from the top row and travel through the matrix
by choosing one element per row and per column and then calculate the
determinant, we get the determinant of the matrix A. The above sum of
determinants resolve into:

= A11A22A33−A11A23A32−A12A21A33+A12A23A31+A13A21A32−A13A22A31

We have a formula for the determinant of a 3×3 matrix! The sign
changes because swapping two columns flips the sign of the determinant. You
have not seen this formally yet, but the examples from the lecture verify this
fact. This explanation was to make you more familiar with how we actually
calculate the determinant and why on earth we need permutations in the
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general formula of the determinant. We take all possible permutations of 3
elements and choose elements accordingly. We won’t be working with the
general formula until next week and we will finish this week with the formal
definition of permutations.

5.2 Permutations

To calculate the determinant in n × n case, we need to know what the sign
of a permutation means. Here is the formal definition:

Definition 7.2.1. Given a permutation σ : {1, . . . , n} → {1, . . . , n} of n
elements, its sign sgn(σ) can be 1 or −1. The sign counts the parity of
the number of pairs of elements that are out of order (sometimes called
inversions) after applying the permutation. In other words,

sgn(σ) ={
1 if |{(i, j) ∈ {1, . . . , n} × {1, . . . , n} | i < j and σ(i) > σ(j)}| is even
-1 if |{(i, j) ∈ {1, . . . , n} × {1, . . . , n} | i < j and σ(i) > σ(j)}| is odd

What does this mean? We better see an example. Let the permutation π be
defined as

π(1) = 2, π(2) = 3, π(3) = 1, π(4) = 4

Since π : {1, 2, 3, 4} 7→ {1, 2, 3, 4} we list all possible tuples (i, j) ∈ {1, 2, 3, 4}×
{1, 2, 3, 4} such that i < j. These are:

(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)

↓ apply π to every number you see ↓
(2, 3), (2, 1), (2, 4), (3, 1), (3, 4), (1, 4)

We simply went from (i, j) to (π(i), π(j)). Now count for how many pairs
π(i) > π(j). This is the case for (2, 1) and (3, 1). The number of out-of-order
pairs is 2 which is even. So sgn(π) = 1.
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6 Hints

1. Solved in class. Think of an easy counterexample for d and think what
other constraint other than the matrix being upper triangular with
nonzero diagonal would you need to have so that the claim holds.

2. Think of the formula for the 2× 2 determinant for b

3. Choosing v,w to be ei, ej helps.

4. No hints.

5. a we have a lemma that says there is a unique vector in C(A⊤) that
satisfies Ax = b. You can use this with a slight adjustment here for a.

6. For c start with a 2 × 2 example. Diagonals must be 0. When is the
determinant not 0 then? How can you generalize that idea to n× n.

mkilic
♠
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