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1 Projections

We want to project vectors onto subspaces. It might be intuitive in 1 dimen-
sional case, or 2 dimensional case if you paint a mental picture. However we
need a more general way to describe the projection of the vector b € R™
onto a subspace S C R™ as follows:

projs(b) = arg min|/b — pl|
pPES

A lot to unpack here:

. argemsi“ means we want the argument p that minimizes the expression
following arg min and not the minimum value itself. The result is there-

fore the vector p.

e In words, the expression projs(b) is the vector in S that is closest to
b, which matches our intuition of projection.

1.1 Projecting onto a line

Before we move to the more complicated case, let’s assume our subset S,
onto which we want to project our vector b, has dimension 1. This means
we are projecting onto a line. The figure below visualizes this. Let’s have
the formula first and then look at ways to derive it.



Lemma 5.2.2. Let a € R™\ {0}. The projection of b € R™ on S = {)\a |
A € R} = C(a) is given by

aaT

projs(b) = —Db (1)

ala

You can prove this algebraically as it is done in the lecture notes, where you
treat the expression ||b — p||* as a convex, quadratic, differentiable function
in one variable A where p = A x a. Then you should derive by A and take
everything else like a constant. This is the formal definition and there is
nothing to add to the notes in lecture document. Yet there is another way
to derive these equations if you assume the error vector e is orthogonal to a.
Be careful, in the lecture you don’t assume e | a and later prove
this intuition on page 9. In the following we nevertheless make this
assumption. So take this as intuition and not the actual proof.

How to see the (1) geometrically

First assume a 1 e. This means we have a | (b — p) since we define our
error vector e = b — p. We also know that we can write p = Aa, A € R since
we know the projection vector is on the line spanned by a and hence p is a
scalar multiple of a.

al(b-p) < a'(b-—p)=0
<~ a'(b—Xa)=0
<~ a'b—a'da=0
< a'b=a'la
<~ a'b=)a'a
a'a

Where we first used v L u <= v'u = 0, then plugged in \a for p, then

used the distributivity of the vector multiplication. In the step before last
we used the fact that scalars commute in the expression as they want. Then
we divided by a'a, which we can do since a'a is a nonzero real number, as
the squared norm of a nonzero vector a.

]



Now that we have the A we can plug it into p = Aa to get the projection
vector:
T T
a'b aa
a=—>b

p = — g
a'a a'a

Seeing the equality might be confusing. We can actually pull this off because
a'b is a scalar, it is a real number. So it makes no difference if we have
(a'b)a or a(a’b). Then we use associativity to get from a(a'b) to (aa')b.

\ — — ~~
V€= b-p p=AX
| a = A(ATA)™ ATh
8 »  P=Fa=ixa =

Gil. Strang (2009), Introduction to Linear Algebra, Jth Edition, Page 208

1.2 Projections in the general case

Now we want to project onto any subspace and not only onto a line. The main
idea is the same instead now we have more than one vector to project onto.
Let S C R™ be a subspace of R™. Additionally S = span(ay,as,...,a,),
where the vectors aq, as, ..., a, € R™ are a basis of S. We can pack the basis
vectors as the columns of an m X n matrix A = [a1,as, ...,a,]. So we have
S = {Az | z € R"}. In words, this is all linear combinations of the columns
of the matrix A, which is the definition of the column space of A. Long story
short S = C(A) and we project onto the column space of A.

Lemma 5.2.3. The projection of a vector b € R™ to the subspace S = C(A)
is well defined. It can be written as projs(b) = Ax, where x satisfies the
normal equations

ATAx = ATb (2)



Intuition about (2): -formal proof is on page 10 of the lecture notes-

arg min

e We actually still want projs(b) = “525"[b—p||. But now p € S means
that p € C(A). This is just a fancy way of saying that we can write p
as the matrix A multiplied by a vector, in this case: p = AX.

e In the first part of the proof in lecture notes you show that there can
not be more than one projections of b on C(A) by assuming there are
and reaching to the contradiction that the error ||p’ — b||? is greater
than ||p — b||?. We want the vector p with minimum error, so p must
be the unique projection vector.

e In one dimensional case we had e = (b — projs(b)) L a. Now we have
this condition for all columns of A. If the error is orthogonal to the basis
of the subspace than it is orthogonal to all vectors in the subspace S.
So for all ¢ € [n] we have

a; L (b —projs(b)) <= a; (b —projs(b)) =0

e An equation equivalent to this is where we pack a;’s in the matrix A
as follows: -remember projs(b) = p = Ax for some x € R" -

AT(b—projs(b)) =0 =2 ATAx = A"b
A has a basis of R" as its columns, this is how we constructed it. So its
columns are linearly independent. Now since we know A' A is invertible if
and only if A has independent columns (Lemma 5.2.4.) we can solve the
normal equations (2) for x by inverting AT A as follows: x = (AT A)"tA™b.
Caution: This is not our projection vector p, we have p = Ax. Hence we
have to multiply A with x to get p.

p=A(ATA)ATb

This is the projection of b. If you look closely, we have a formula for a matrix
- let’s call it P - that takes b to its projection p.

Theorem 5.2.5. Let S be a subspace in R™ and A a matrix whose columns
are a basis of S. The projection of b € R™ to S is given by

projs(b) = Pb
where P = A(ATA)7'AT is the projection matrix.



See that the projection matrix P is symmetric:
PT=(AATA) A = (AN)T(ATA) AT = AATA) AT =P

You use the fact that (M~)T = (M T)~! only and only for invertible matrices
M. Better write this one line proof in the exam to be safe before using this
fact since it is not proven in the lecture notes (or in exercise sheets to my
knowledge).

Remark 5.2.6:
e P? = P projecting twice on the same subset shouldn’t change anything.

e If P is the projection matrix for S than (I — P) is the projection matrix
for projection onto orthogonal complement of S (I — P)b =b — Pb =

e = projg.(b)

e (I — P)> = (I — P) since (I — P) is also a projection matrix by the
previous point.

You often want to project a set of points onto a subspace. This is briefly
mentioned in the lecture notes. If you are curious about how this actually
works, you can see the lecture notes part II from last year and week 10’s
lecture notes in HS24 on my website.

2 Least Squares Approximation

2.1 The Approximation

In the first half we tried to solve equations of type Ax = b and calculated x.
But what do we do when the LSE doesn’t have any solution? For example
when we have too many equations and A € R™*" with m > n? Then we
choose the best possible x we can choose. We want Ax to be as close to b
as it can be. In the lecture notes you have this expression:

_min
XeER™

Ax —b|* (3)

This expression is equal to the minimal error between Ax and b. This is not
directly what we want. We want the x -i.e. the argument- that minimizes
this error. Keep it in mind that you are trying to find the best solution



when you are dealing with a least squares problem. You want a solution x
that you can plug into the equation Ax = b and get away with the minimum
€error.

That being said, since you want the vector Ax which is in C(A) to be as
close as possible to the vector b, Ax is exactly the projection of b on C(A).
This implies:

AT(b— Ax) =0

Which brings us back to the normal equations:
ATAx=A"b

We know that for any matrix A we have C(ATA) = C(A") by Lemma
5.1.11 (see previous week). This tells us the normal equations always have
a solution. We also know that if A has independent columns we can invert
AT A and solve the normal equations for #:

Fact 6.1.1. ("Least Squares Solution”) A minimizer of (3) is also a solu-
tion of the normal equations. When A has independent columns the unique
minimizer x of (3) is given by

x=(ATA)Ab

Notice how similar this is to a projection matrix. But there is a difference:
a projection matrix looks like P = A(ATA)~'AT whereas here we multiply
b with (ATA)"*A", without the A on the left. This is because we want our
best solution x that yields the projection of b when multiplied with A but
not the projection itself.



2.2 Linear Regression

Linear regression can be seen as one of the babysteps of today’s powerful
Al In this context you use least squares approximation to fit a function to
a given set of data points. You have an example plot in the lecture notes.
Here is another one:

0 50 100 150 200 250 300

There is typically one task in the exam, where you have to use least squares
and /or linear regression. You might also have to apply this to fit a parabola
or any polynomial of some other degree. The best way to get better at this is
to apply the approximation by yourself. I definitely recommend reading the
notes on linear regression in the lecture notes. For the matrices where you
have scary summations as elements, just multiply A and b and also calculate
AT A you can get those results by direct computation.

Here I am going to provide two more plots to visualize two cases from the
lecture notes:

If you do a change of variables as described in case of Remark 6.1.3. you
get your data points equally distributed around 0. This is applied to the
data points from the plot above. You have to shift the fitted line to get the
line in the original problem. (See Assignment 8 Exercise 6.)



Equation: Sales = 14.0225 + TV*0.04754

fal
=

T T T T T T
—-150 —-100 -50 0 50 100 150
TV Advertising

And if just as in Lemma 6.1.2. the 2 columns of your A are linearly
dependent and you have the same value for all t;’s this visualizes to the
following plot, which in practice doesn’t make sense since this corresponds
to the case where we get different results for multiple measurements at the
same time point.

Linearly Dependent Columns in Matrix A

=== t =5 (All Same t)
10 4

b (Different Values)
e — e — g — === === ===

0 T T T u T T T
4.00 4.25 4.50 4.75 5.00 5.25 5.50 5.75 6.00

t (All the Same)

The source code can be found on my website under additional material for
week 8.



Hints

. Solved in class. It helps to write the equations stacked on each other.

. Similar to assignment 1. You now have 3 parameters to find. So your
matrix should have 3 columns.

. You know how to show something is linear. b What do you expect
P(u) to be for any vector u that is already in S. ¢ Image is all possible
outcomes and Kernel is the set of inputs that are taken to 0. (Column
space and Nullspace).

. Try writing 0 as a linear combination of vectors u; and w;.

. Create a new matrix A’ := A2 A where A2 has the square root of every
diagonal element in A. Now you have your usual normal equations with
Al

. The formula for projection on a line is % What happens to ||v]|* when

v IS a unit vector?

. See above for a small spoiler for a). For b) you compute the scalar
product and check if it’s zero. You can solve ¢) by direct computation
set « to the given new value and try to play around with |4’/ — b||?
to get ||Aa — b|%.

. Try writing O as a linear combination of the vectors of two bases.

. You can use the visualization above or play with the parameters in the
colab notebook for a). Task b) is direct computation. ¢) You can show
|A’a’ — bl]? = ||Aa — b||? for all @ and /. From this it follows that o
is optimal if and only if « is also optimal.
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